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1 Differentiating with respect to x on both sides,
1 dy
——==2(11-5xz)-(=5). Ml Ml
L =211 =50) - (-5)
Setting x = 2,
In(y)=(11-5-2°=1 = y=e. Ml
Substituting,
1dy dy
-——=2(11-5-2)-(-5)=—-10 = — =—10e. MI
edx ( )+ (=9) dx ¢

Hence the tangent has equation

2 (a)

(b)

y—e=—10e(z —2) <= y=—10ex+2le. Al

Let u,, = an® 4 bn? + cn + d for some real constants a, b, ¢, d. Substituting n = 1, 2, 3, 4 respectively,

a+b+c+d=10

8a 4+ 4b+ 2c+ d = 61

27a 4+ 9b + 3¢ + d = 206
64a + 16b + 4c+ d = 469. Ml

Using G.C.,

(a,b,c,d) = (4,23,-46,29). MI
Hence,

Uup = 4n® + 23n% — 46n +29. Al
We want to solve

Uy > 25000 <= v, :=u, — 25000 > 0.

Using G.C., v1g = —3435 < O and v17 = 546 > 0. M1 Hence,n > 17. Al

It is known that a x b L a, thus (a x b) - a = 0. Similarly, (a x b) - b = 0. Since (a x b+ a) L
(a x b+ Db),

0=(axb+a)-(axb+b)
—laxb’+a-(axb)+b-(axb)+a-b Ml
=laxb>+0+0+(~1) Ml

= laxb[*—1.

Since |a x b| > 0,
laxb?=1 = Jaxb|=1. Ml


https://youtube.com/@kindiakmath

(b)

|af[b|sin(f) = —[a[b| cos(6)

MI

tan(d) = -1 Ml

6 = 180° — 45°
=135°. Al
4 (a) Write
1 1
cos(pzx) cos(qx) = B cos((p + q)x) + 3 cos((p — q)z).
Since p # +q, p £+ q # 0. Hence,
1
[ tcostpe) costam)) dz = 5 [ (cos((p -+ a)2) + cos((p ~ o) do w1
_1 [Sin((p @) sin((p—9)2)] | 4,
2 p+q P—q
(b) Integrating by parts,
Jx cos(nz) dr = sin(ne) x —J sin(ne) 1 dz Ml
n L — n —
I—II S |—|I D
i 1
= Tomne) sin(na) _ 1 Jsin(na:) dz
n n
xsin(nz) 1
= ﬁ(—cos(nx)) +C Ml
_ x sin(nx) cos(;m:) Lo Al
n n
(¢) From (b), since sin(nm) = 0 for any n € Z* and cos(nm) = (—1)",
J'7r cos(nx)]7T
x cos(nz) de = 5
0 n 0
cos(mr) Osin(n-0)  cos(n-0)
2 o - 2
n n n
1 1
n?
B #—n% if n is even
—% — # if n is odd
)0 if n is even
B —2 ifnisodd. Al
n

Thatis, k = 0if nisevenand k = —2
(d) From (b),

jus

LQ |z cos(2z)| dz = JO

if nis odd. Al

us

|z cos(2x) |d£L‘+J |z cos(2z)| dz
bl
xcos(2z)dz Ml

M1 Al

Let 0 denote the angle between the direction of a and the direction of b. Since [ax b| =1 =

)

_(a.b)’



5 (a) By logarithm properties,

In {W] =In(r —1) —2In(r) + In(r + 1).

Summing on both sides,

ﬁém[@—1¥w+n}

r
r=2

= z”: (In(r — 1) = 2In(r) + In(r + 1)) Ml
=2

=In(1)+In(2)+In3)+---+In(n—3)+In(n — 2) + In(n — 1)
—2In(2) —2In(3) —2In(4) —--- —2In(n — 2) — 2In(n — 1) — 2In(n)
+In(3) +In(4) +In(5) +--- +In(n — 1) +In(n) + In(n+ 1) MI

=In(1) — In(2) — In(n) + In(n + 1)

(M) D).
(") - e

(b) By algebruh, taking n — oo,

T n

> —1In(2) - In(14+0) —In(2) = —In(2). Ml

Hence, the infinite series converges to its sum to infinity —In(2). Al
(c) By using r = 2 as the starting point,

2 2
r
r=10 r=2 "

- o(3) )~ (o () o)

where (a, b) = (189, 200).

6 (a) By the double angle formulae,
cos(#) = (cos2(9))

2
(1+ cos(29))> Ml

(1 4 cos(26))?

[ = =
N =

(1 + 2cos(26) + cos?(26))

—

=7 <1 + 2cos(20) + %(1 + 008(49))>

1/3 1
=1 <2 + 2cos(20) + 5 cos(49)> Ml

= é(:} + 4 cos(20) + cos(46)),

which equals 1 (cos(46) + 4 cos(260) + 3).



(b) The required volume V is given by

3 3
V—J y2dx—J (9 — 2?)
™ 1.5 1.5

e

dx. Ml

Using the substitution x = 3sin(6),

9 — 22 =9 — 9sin?(0)

= 9cos?(h)
_2\E 2/0\)3
(9 —2%) (9cos®(9))
= 27 cos?(6),
% = 3cos(f). Ml

When z = 1.5, 0 = 3. When 2 = 3, § = . Making the substitutions,

3 3 %7‘(
J 9 22) do = J (81cos* () do M1
1.5

JZﬂ (cos(40) + 4 cos(20) + 3) do

111
{ sin(40) + 2sin(26) + 39] M1

s

N

o=

4

Hence, V = 8—8177(% — %\/3) units®. Al

_81<<0+0+3ﬂ>_(1.?+2.\f+

1
2

)) M



7 (a) We sketch as follows.

Y, 33:3

|
[\
o
w
) A

Curve: M1 , asymptotes: M1 , axial-intercepts: M1
(b) By the graph, Ry = [0, 00). Bl
(¢) Since Rt = [0,00)  R\{3} = Dy, the composite function £ does not exist. B1
(d) For f~! to exist, f must be 1-1, thus a = —2. B1

2 4
(e) Forxg—Q,igo. Hence,
3—x
2r +4 2r +4
f(@) 3—x 3—=x
Lety = f~1(z) <= 2 = f(y). Then
2
Tr=— y+4 M1
3—-y

B-y)lz=-(2y+4)
zy—3r=2y+4
(x—2)y=3x+4

3z +4

¥y= r—2

3 4
Flz) = 222 Al

xr—2

Furthermore, with the restricted domain (—oo, —2], Dg-1 = Ry = [0, 2). Al



8 (a) (i) Wehave

1 2 :
2] =V (=1)? + (vV3)’ =2, arg(z) =m—zm=cm = 2 =243 M1
(ii) We note that
n n . ei(§n) . .
2 e gnei(Bnrdd)r gl
iz ei(37)9e-i(57)

n

For Z—* to be purely imaginary,
iz

2 1 s
= — =2k+1)- - Ml
<3n+6)7r (2k+1) 5

2 +1 k:—i—l
Sh4+ == -
3 6 2
kE+1
12:32+ . Ml

For n to be the smallest positive integer, we require k = 1 = n = 2. Al
(b) From the first equation,
1 — |w|
v =
2

ecR. Ml
Furthermore,

[w]? = (1 - 2v)°
From the second equation,

—iw=-3—-3v+4i
w=(—3—3v)i+4(-1)
=—4-3@w+1)i Ml
jw> =16 + 9(v + 1)

Hence,
16+9w+1)*=(1-20)* Ml
16 +9(v? 4+ 204+ 1) = 1 — 4o + 4o?
902 + 18v + 25 = 1 — 4o + 40
502 + 230 +24 =0
(5v+12)(v+2) =0.
Hence, v = —2orv = —12

=. Al Substituting,

21
w=—-44+31 or w:—4+€i.

Therefore, (v, w) = (=2, —4 + 3i) or (v,w) = (=22, -4 + Zi). Al

Al



9 The equations of I, 2 are given in vector form by

-3 2
Lh:r=|1|+X|1], MAeR,
2 a
-2 3
lbrr=11|4+pl2], peR. Ml
5 1
(a) At the point of intersection,
-3 2 -2 3
1 ]1+2|1)=(1]|+pl2]. Ml
2 a 5 1
Equating components,
22 —-3u=1
A—=2p=0
aX — = 3.

Since the lines intersect, this system of equations has solutions. Solving the first two equations,
(A, ) = (2,1). M1 Substituting into the last equation,

a-2—1=3 = a=2. Al

Substituting 1 = 1, B has position vector

-2 3 1
oB=1]+1]2] =13
5 1 6
Hence, B(1,3,6). Al
3
(b) Since 7 is perpendicular to lo, it has normal vector parallel to | 2 |. Since 7 contains A(—3, 1, 2),
1
it has scalar product equation
3 -3 3
m:r-|2]| = 1 -2 =-5.
1 2 1

(i) By drawing a diagram, the shortest distance p from B to m; is the length of projection of

. 1 -3 4
BA=[3]|—-11]=]2
6 2 4
3
to the normal vector | 2 |, computed via
1
4 1 3
p=12] | —m—— |2 M1

A V32422 +12
1

20 10
= —— = —+/14 units. Al
v 14 7



(ii) We note that zﬁ is parallel to the direction vector of /. By drawing a diagram, the required angle
0 is obtained via trigonometry:

(opposite) %\/ 14 10 V14 5V/14
(hypotenuse) /42 22142 7 6 21 °

Using G.C., 8 = 62.982° =~ 63.0°. Al

M1

sin(6) =

(c) Since 7 contains Iy, it contains A(—3,1,2) and is parallel to | 1 |. Since 7 is perpendicular to 7,

2
3
itis parallel to | 2 |. Hence m; has a normal vector parallel to
1
2 3 -3
1l x2]=14]. MI Ml
2 1 1
Thus,
-3 -3 -3
m:r- [ 4 | =114 ]=18 <+ m:-3x+4y+2=15. Al
1 1
10 (a) By the question,
dM i dM dM
dt B dt lin dt lout
=k(C —30M). BI
dM
(b) For his mass to remain at 110 kg, T =0:

C =30M = 30- 110 = 3300 Calories per day. B
(c) By the question, C = 0.8 - 3300 = 2640. From (a),
—30
—_dM = | - M1
JC’—SOMd J 30k dt
In|C — 30M| = —30kt + C4
C —30M = e 30 = A3 (A = L)

C — Ae—30kzt
M==—""_
30

C— Ae—SOkt
- 30

MI
Since M (0) = 110,

Cc—-A
110:T = A=C—3300=2640 — 3300 = —660. M1

Hence,
_ C+660e 3% 2640 + 660e30M

—30kt
= . Al
30 30 88 + 22¢

M




(d)

(e)

By the question M (75) = 100. Hence,

88 + 22~k — 109 = k) = O a0k _ (

We want to find the smallest integer ¢ such that M (75 + ¢) < 96:
88 + 22¢ 730K < 96 M]
88 + 22¢30K(T0)—30k 96

t
6 6\7™
22— | — . Ml
88 + 11 (11) < 96

Using G.C., ¢t > 50.17. Thus, the smallest integer ¢ is 51 days. Al

(i) We sketch as follows. Al
M4

O

Ast — oo, M — 88 + 22 -0 = 88 > 80, and Andrew cannot achieve a mass of 80 kg. B1

(ii) We observe from (c) that

C
M=—_ K —30kt
30 + Ke

for some constant X > 0. Since M — C/30 as t — oo, we require

0< S <80 = 0 < (C <2400 Calories per day. Al

30



10

11 (a) Wei’s monthly deposit follows an arithmetic progression with first term a and common difference 50.
The total amount .S,, after n deposits is given by

S, = g(a +(a+50(n—1)) = g(m — 50 + 50n).
On 31 December 2023, n = 36. Thus we want to find a such that
S3g > 50 000

36
?(Qa — 50+ 50-36) > 50000 MI

Using G.C., a > 513.8888. Thus the smallest value of a is $a = $513.89 (nearest cent). Al

(b) Denote the initial loan by P = 400 000, the interest rate by » = 0.001, the multiplier by M := 1+4r =
1.001, and the monthly repayment by ¢ = —z. We tabulate the outstanding loans as follows.

Month Start End
1 PM PM + ¢
2 PM? + M PM?+¢cM + ¢

3 | PM°+cM?+cM | PM® +cM? +cM +c
Repeating the pattern, the outstanding loan 7, at the end of » months is
Tp=PM"+cM™ +cM™ 2 4.4 cM+c¢ Ml
:PMn-l-C‘(1+M—|—---+M”*2_|_Mn*1)

1— M»
— PM"+c- M1
Ry
Mm—1
— PM"+c-
+c 1
1.001" — 1
— 400 000 x 1.001" + (—z) - ot — =~
X =2 oo =1

= 400 000 x 1.001™ — 10002(1.001" —1). M1
(¢) (i) By the question, T3y = 0:
400 000 x 1.0013%° — 10002(1.0013%° —1) =0 M1

Using G.C., the monthly repayment is $z = $1323.6347 ~ $1323.64 (round up to the nearest
cent). Al

(ii) The total amount paid is 360z. Hence, the total interest paid is
360z — 400 000 = 76 510.40 ~ $76 500. Al
(d) () Setx = 1600 in the result in (b). We want to solve

400 000 x 1.001% — 1000 - 1600 - (1.001k —1) <1600 Ml

Using G.C., k > 286.82. Thus, the least number k is 287. Al The outstanding amount y is thus
given by

y = 400 000 % 1.001%%7 —(1000-1600- (1.001%87—1)) = 1320.2179 ~ $1320.22. (nearest cent)

M1 Al
(ii) The cost savings in (d)(i) compared to (c)(i) is computed by

360 - 1323.6347 — (287 - 1600 + 1320.2179) = 15 988.2741 ~ $15 990. (4sf) Al



