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3 hours
Proposed Solutions
Author: Joel Q. L. Chang (with ChatGPT)
1  Since there is a vertical asymptote at x = —1/2,
1\? 1
a<—2) +b(—2> +c¢c=0 = a—2b+4c=0. Ml
At the turning point (—2, —1/9),
-24+1
= = 4a—2b =9. Ml
W(—2? +b(—2) + ¢ a-2bte=9
. . dy :
At a turning point, 1 = 0. By the quotient rule,
x
dy (ax®> +br+c)-1— (x+1)(2ax +b)
dr (az? 4 bx + ¢)? .
o . dy
Substituting © = —2 and setting 1= 0:
x
(4a—2b+c¢)-1—(-2+1)(—4a+b) =0 = —8a+4b+c=0. Ml
Using G.C.,a=2,b=—1,c=—1. Al
2 Since |a x b| =3,
|a||b|sinf = |a x b| =3, BI
where 6 denotes the angle between a and b. By the question, |a| = 1 and
b?=b-b=9 = |b|=3. Ml
Substituting,
1-3-sinf=3 = sinf=1 = 6=90° = alb Ml
3 (@) The coefficients a, b, and ¢ must be real. Bl
Remark: To prove this claim, we first observe that
pi=w+uw, q:=ww =]|w?
are real numbers. By algebruh,
B ra +bz4+c=(2—3)(z—w)(z —w")
= (2 —3)(2* = (w + w*) + ww*)
= (2 =3)(z* —pz +q)
=22~ (p+3)22+ Bp+4q)z—3¢.
Comparing coefficients, a = —(p + 3),b = 3p + g, ¢ = —3q are all real numbers.
(b) Using the Remark in part (a),
=(—1+42)+(-1-2)=-2, ¢g=[1+2i =124+22=5 Ml Ml
Hence,
a=—(-2+3)=-— b=3(-2)+5=-1, c¢=-3(5)=-15. Al
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4 (a) Since the denominator needs to be nonzero, x # —2,0. Bl By algebruh,

4 r—3 4dr—(z-3)(z+2)

t+2 oz z(r + 2)
Az —(a? —x—6)

B z(z +2)
—2%+52+6

z(x+2)
—(22 — 5z — 6)

z(z +2)

(x —6)(z+1)

=——7 Ml
x(x +2)

Hence,

4 T —3
r+2
(x—6)(z+1)
 z(z+2) .
(x—6)(z+1)

x(z+2)

(x+2)(x+1)z(x—6) <0. Ml

>0

X

which implies —2 < z < —1 or 0 < x < 6. Thus, the final solution is

—2<z<—-1 or O0<zx<6. Al

(b) Replacing = with |z|,
—2<|z| <=1 or 0<]|z|<6. Ml

Since |z| > 0 for any real x, —2 < |z| < —1 yields no solution. Thus,

0<|z|]<6 = —-6<z<6, z#0. Al

S (a) By the sum of a geometric series,

Soc = =18. = a=18(1—-r). Ml

Substituting a and performing nursery algebruh,

8
18(1 —r)r2 = =
A=r)r® =g
54(1 —r)r? =8
54r% — 54r® = 8

54r° — 54r® —8 =0
273 —27r2 +4=0. Al

(b) Using G.C.,sincer < 0,r = —1/3 and a = 24. Al



(©)

(a)

(b)

(©)

(a)

Define
k
1—rk)y  —8(1—(-1/3)k
§im 3y = ) 8O- (13
- 1—7r 1—(-1/3)
Observe that
o0 k o0 o0
18:Zurz24+2ur+2ur = ZuT:—G—S. MIl
r=0 r=1 r=k+1 r=k+1
Substituting,
—8(1 — (—1/3))* 160
80(—6—-S5)=S =5S=——. Ml
( ) 1—-(-1/3) 27
Using G.C., k = 4. Al
By the chain rule,
Wy e 322 = 2. M
dx
Setting x = 1 yields a gradient of
@ =6-12- ¢ =6e. Ml
dz|,_,

Setting x = 1 yields s
y=2" +a=2+a Ml

Thus, T'(1, 2e 4 a). Thus, the tangent has equation
y—(2e+a)=6e(xr—1). = y=e6r—4)+a, Ml Al

where p =6,q = —4,r = 1.
Since the tangent in part (a) passes through O(0, 0),

0=e(6-0—4)+a = a=4de. Al

Using integration, the required area A is given by

1

1

A:J (2ex3+4e)dm—§~1-(2e+4e) M1
0

=5.4021 ~ 5.4units®> (1dp). Al

By Skibidi trigonometry,

f(2r — 1) = f(2r + 1) = cos ((2r — 1)8) — cos ((2r + 1)0)
= —2sin(2r0) sin(—0) Ml
= —2sin(2rf) - —sinf M1
= 2sin(2r0) sin 6.



(b) By part (a),
f(2r — 1) — f(2r +1)
2sind '

f(2r — 1) —f(2r + 1) = 2sinfsin(2rf) = sin(2rh) =
Taking sigmas on both sides from r = 1 tor = n,

> sin(2r6) = 2si1n9 > (f2r —1) = f(2r +1)). Ml
r=1 r=1

By the method of differences,

Zn:(f(Zr —1)—f2r+1)=f1)+£{3)+---+£f2n—-3)+f2n—1)
r=1
—f(3) —f(5) — - —f(2n —1) — f(2n + 1)
— (1) — f(2n +1). MI

Back-substituting,

S sin(2r6) = o (6(1) ~ £(2n + 1))
r=1
— 9 Silne (cos 0 — cos((2n +1)0))

~cosf —cos((2n + 1)0)
- 2sin 6 '

Ml

(c) Setting # = 7/6, by the double-angle formulae,

n n
1
Zsin (%) cos (%T) = 3 Zsin <2r . %) M1
r=1 r=1
' cos T —cos ((2n+1)%)
ZSin%

. @ —cos ((2n+1)%)

| = N =

e

To analyse the cosine term, we observe that

V3/2  ifn=0,5,
T ™™
c(n)::cos<—+—>: 0 ifn=1,4,
—/3/2 ifn=2,3, Ml

and ¢(n) = ¢(n + 6) for any nonnegative integer n. Thus, the three possible values are given by

S

S
R I

N =

N
m‘% MO =

~ S
Il

o[ %
N =
) N



8 (a) By the chain rule,

d
CTZ = —sin(1 — %) - (—2¢%)
= —sin(1 — €2®) - (—2¢%)

= 2¢*®sin(1 — e**). Ml
By the product rule and algebruh,

d2y

oz =2 2e2% . sin(1 — €*¥) + 2€2* - cos(1 — %) - (—2¢**) M1
X

= 4e% sin(1 — %) — 4e*® cos(1 — e2%)

= 2.2 sin(1 — e**) — 4e?® cos(1 — %)

dy 4
=2. = —4e**

dx €y
—2<dy—2ye4x>, Ml

dx

where k = 2.

(b) Differentiating once more with respect to x,

3 2
dy:?(dy2<dy-e4x+y-4e4m>>. Ml
X X

da? da? d
Setting z = 0,
dy d?y d3y
=1, == — =—4, —==-24. Ml Ml
L T da? T da?
Therefore, y has a Maclaurin expansion approximation of
ywl+ﬂw+ix —|——3! > =1-22"—4z°. Al

(¢) Frompart(b),y~1— 212, By the List of Formulae (MF26),

1 1
Va+bx? Ja 14 ba?
1
a
1

a a
N
Comparing coefficients
1
—=1=a=1
NG ¢
and . "



9

(a)

(b)

(©)

Differentiating with respect to ¢,

dz dy

= =6t+2, —=2+6t2=¢t6t+2). Ml
P 6t + 2, i +6 (6t +2)
Therefore,

%:t(6t+2):t’ -

dx 6t + 2
where £ = 1.

The gradient of the tangent can be equivalently computed using tan(60°). Hence,

d
t= % = tan(60°) = V3. MI

Substituting,
=3(v3)2+2(v/3) =3-3+2V3 =9+2V3,
y=(V3)2+2(v3)>=3+2-3V3=3+6V3. Ml

Therefore, P(9 + 2v/3,3 + 6\/3) Al

The required area A is given by

16
A= J y dx.
0
Since ¢ > 0, using G.C. yields
=0 = 3t+2t=0 = t=0

and
r=16 = 3t2+2t=16 = t=2. Ml

Therefore,

2

_J (t2 4+ 263 (6t +2)dt M1 Ml
2

:2J t2(2t +1)(3t + 1) dt

=2 (6t* +5¢3 +1%) dt

£5 372
2. 16- =45 —+—| Ml
e

916 1832
2-([=-0) = units®>. Al
15 15




10 (a) Making the substitution u = /4x + 1,

2_1 2_9
u=Vir+1 = uw=4+1 = :r:u4 = gg_2zu4 M1
Differentiating,
dr  2u u
du 4 2
Therefore,
V4 1 [
Jx_‘_d:ﬂ: 2u -—du Ml
T —2 “UT_Q 2
[ u u
p— .7d
Juz—9 % Y
r 22
= 2u du. Ml
Jus—9

(b) (i) We sketch as follows:
Y

Smooth curve MI; intercepts and asymptotes M1; region R M1



(i) By part (a),
zr=6=u=5 and xz=12=u=7. Ml

Hence, the area A of R is given by the integral

12
Viz 1
J VA e~ (12-6)-0.5
6 r— 2
r7 2
2
| S du-3 Ml
5U—9

r7 1
-, (2+18-u2_32> du—3

- 1 _ 7
“lous B (23 3 M1 oM
23) " \u+3/],

{uen(§)-(en(2) -
reom(5)

:4+31n<§>, Al

wherea = 1,b =3, c = 8/5.
(iii) Using G.C,, the required volume V is given by the integral
J” <\/4x +1
V=m —_—
6 T —2
=11.0432 ~ 11.04 units®>. (2dp) Al

2
) dz —7(0.5)*- (12 —6) Ml MI

. . dﬂf d’U de
11 (a) (i) Sincev = i r

E—i—ow:Q.& Al

dv

ii) Setti =24,
(i) Setting v T

= § yields
94+ a-24=98 = a=2 Al

(b) By algebruh and integration,
L o
9.8 —2v dt

1
= du=|1at M1
J9.8—2vdv J dt

1
In|9.8 — 20| = —2t+C Ml
9.8 — 20 =Chre %, O :=+e

v=4.9— %672{/
Ci o
=49(1-— . Ml
! ( 9.8°

Since v = 0 when ¢ = 0, substituting yields C; = 9.8. M1 Hence,
v=49(1-¢%), Al
where A = 4.9, B = —2.
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(¢) Sincev =

ar
dt’
x = Jvdt = J4.9(1 —e 2y dt Ml

1
=49 <t + 26_2t> + Cy. Ml

Since s = 0 whent = 0, Cy = —2.45. Hence,

1
x=4.9 (t + 26—2f> —92.45. Ml

For the parachutist to reach the ground, z = 2000:

1
4.9 (t + 262t> —2.45 = 2000. MI

Using G.C.,t = 408.67 ~ 409s. Al

@ @

(ii)

The aircraft’s position has equation

4 1
L:ir=(3]+x[-1], XeR
1 2

The air traffic controllers have coordinates P(0,0,0.1). At the closest point R,

1
0=PR- | -1
2
4 1 0 1
= 3l4+AX]-1]—-120 -1 -1 Ml
1 2 0.1 2
4 1 1
(3] +x|=1|]| |-
9 2 2
4 1 1 1
=13 —-1]+X]| -1 —1 M1
.9 2 2 2
= 2.8+ 6.
By algebra, A = —7/15 so that
4 1 53
7 1
OL= |3 + ) = (2] M
1 2 1

Correct to 3 significant figures, R(3.53,3.47,0.0667). Al

Alternate solution: Use differentiation to find A that minimises

d:=/(4+ X2+ (3 -2+ (0.9+2))>2

We compute the distance

PR =/(53/15— 0)2 4 (52/15 — 0)2 + (1/15 — 0.1)2 = 4.9500 > 4,

thus the air traffic controllers would not be able to see the aircraft. Al

M1
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(b) We first divide by 2 to obtain
r—3/2 y+1 z-k

3 2 -2

We write the drone’s equation in vector form

3/2 3
M:r=|-1|4+upul 2|, nwekR
k -2

When the aircraft and the drone intersect, there exist solutions to the vector equation

4 1 3/2 3
3l+al-1)==-1])+pl2]. M
1 2 k —2

Solving the first two rows yields A = 1.4, u = 1.3. M1 Substituting into the last row yields
14+2x14=k+13x(-2) <<= k=64

Thus, there are no intersections precisely when k£ > 0 and £ # 6.4. Al
(¢) Let « denote the required acute angle. By the dot product,

1 3 1 3
-1 - 2 = -1 2 CoSs &
2 -2 2 -2

3 =v6V17cosa

Cosx =

e ()

=T72.719° =~ 72.7°. Al

(d) (i) The required distance is

d=/(4—422+(3-08)2+ (1 —02)2 =23494 ~ 2.35km. Ml Al

(ii) The vector v in consideration is

4 4.2 —-0.2
v=1[3]-108] =1 22
1 0.2 0.8
4
When their distances are minimised v L | 3 |. However,
1
4 —-0.2 4
v-l[3]=1|22]-13]=66#0. Ml
1 0.8 1

Thus, the computed distance in (d) (i) is not the actual shortest distance. A1l



