2024 SACE Stage 2 Specialist Mathematics
Examination Solutions

Joel Kindiak

Questions are publicly available. Do comment if you spot any errors.

Remark 1. In SACE Stage 2 Specialist Maths, the following equivalent notation is used:
cisf = cis(f) = cos 6 + isin 6.

Furthermore, for any planar shape S, we denote its area by .A(.S). Finally, we use row vector notation for vectors:

[z,y,2] =

ISENSI.

Question 1. Polynomials

Solution. (a) Since P has real coefficients, 3 — i is also a zero by the conjugate root theorem. Therefore, a real

quadratic factor is
(z—B+i)(z—B—-1)=(2-3)2 -2 =22 —62+10.

(b) (i) By the factor theorem, P(1) = 0:

1-54+a+b—-20=0 = a-+b=24.

(b) (ii) By the remainder theorem, P(—1) = —34:
1+54+a—-b—-20=-34 = a—b=-20.

(b) (iii) Adding and subtracting the equations in (b) (i) and (b) (ii), a = 2 and b = 22.

(c) By (a) and (b),

P(2) = (2* — 62 + 10)(2* + pz — 2)
for some p, where we compared constant terms. Comparing the coefficients of 23, p — 6 = —5 so that p = 1.
Therefore,

P(2) = (22 =62+ 10)(22 + 2 — 2) = (22 — 62+ 10)(z — 1)(z + 2).

Question 2. Planes and Lines

Solution. (a) The normal vectors [1, 2, —3] and [1, 1, 2] of P; and P are not scalar multiples of each other (com-
paring the first two components would require the scalar to be both 1 and 2). Therefore, the planes are not
parallel.



(b) Applying Ry — R2 — Ry,
[1 2 —39]%[1 2 -3]9 ]

11 215 0 -1 5 |4

Setting z = t, the second row yields —y + 5t = —4, so that y = 4 + 5¢. The first row then yields
r=9-2(4+5t)+3t=1-"Tt.

Therefore, the planes meet along the line [; with parametric equations

r=1-Tt,y=4+5,z=t, teckR
(c) Setting t = 2, we obtainx = 1 — 14 = —13,y =4+ 10 = 14 and z = 2. Hence, A(—13, 14, 2) lies on [.
(d) The plane P; contains the point A(—13, 14, 2) on [y, the direction vector [—7, 5, 1] of /1, and the vector

m = [-10,12,0] — [-13,14,2] = [3, -2, -2].

Hence, a normal vector of Ps is

7,5, 1] x [3,-2,~2] = [5-(—2) —1-(=2), 1-3 — (=7) - (=2), —T-(~2) —5-3]
=[-8, —11,—1].

Taking the normal vector [8, 11, 1] and the point 4,
Py:Se+1ly+z=8 (—13)+11-14+2= —104+ 154 + 2 = 52.

As a check, Q) satisfies
8- (—10)+11-124 0= —80 + 132 = 52.

Question 3. Matrices and Mathematical Induction
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Solution. (a) Denote M = [0

c;] . Using i? = —1,

MQZ[ZO za;az]:[ol 2_alz]7 M3:M2M:[ 1 a+.2az}:[ 1 S.a]‘

it 1-adi i a
(b) For the base case n = 1, [O ;1 ] = [0 z] = M, as required. Fix k € N* such that
-k k—1
e |1 kai
M" = [0 i* ]
Then . 1
k+1 k . 7 kaz - 7 a
M _MM__O z’kHo J
[ik+1 ikq + kaik—1 . q
Lo s

[i*+1 (k + 1)ai®
- 0 ik+1 .

Since the identity holds for n = 1 and it holds for n = k + 1 whenever it holds for n = k, the identity holds for
alln € NT by mathematical induction.



() Since 2027 = 4 - 506 + 3and i* = 1,i?92" = i3 = —jand i?°?% = 2 = —1. By (b),
M2027 . —1 —2027@
1o —i |
Therefore, by (a),

5 oo [—i —3a]  [—i —2027a] _ [0 2024a
MM_[ '}[0—@‘00'

Question 4. Vector Geometry

Solution. (a) (i) Since N is the midpoint of OB, m = O—N> — Wl = %b —a.
(a) (i) Similarly, W = ()—]\>4 - O? = %a —b.
(b) Since ﬁ 1 B—]>\4, their dot product is zero:
0= (tb-a)- (ta-b)
=1a-b—1ib*-1la®+a-b

= ja-b—3(jal* +[b).

Rearranging, |a|® + [b|> = 2a - b.
(c) Let 8 = ZAOB. By the cosine rule in triangle OAB,
|ﬁ\2 = |a|? + [b|? — 2|a||b|cos = |a|* + |b|* — 2a- b,
since a - b = |a||b| cos 6 by definition.
(d) By (b),2a-b = %(\a\Q + |bJ|?). Substituting into (c),

AB2 = (Ja> + b2) — 4(laf® + [b?) = L(Jal® + [b[?).

Remark 2. Equivalently, |0 A|? +|OB|? = 5| AB|?: whenever two medians of a triangle are perpendicular, the
squares of the two sides they bisect sum to five times the square of the third side.



Question 5. Inverse Functions and Volumes

Solution. (a) The curve starts at (2,1n2) ~ (2,0.693) and increases slowly, e.g. through (6,1n4) ~ (6, 1.39).
We sketch it in blue below, together with yy = f~1(z) in red for (b) (iii).

Y

Y=

(b) () Let y = In(v/z — 2 + 2). Then
eV=vVr—2+2 = r—2=¢e'-2 = = (-272+2
where squaring is reversible since €’ — 2 = \/x — 2 > 0. Swapping z and v,
FM @) = (e —2)2 + 2.

(b) (ii) The domain of f~! is the range of f. Since f is increasing with f(2) = In2and f(x) — coasz — oo,
the domain of f~1is [In 2, 00).

(b) (iii) The graph of y = f~1(x) is the reflection of y = f(x) intheliney = . It startsat (In 2, 2) and increases
steeply; see the red curve in the figure in (a).

(¢) (i) The integral
5
w/ (In(y/y —2+2))*dy
2

only depends on the integrand and the limits, not on the name of the variable. Replacing y by x gives the volume
formed when y = f(z) is rotated about the z-axis from = 2 to x = 5. Geometrically, by Figure 3, reflecting
the region in y = x swaps the two solids, so their volumes are equal.

(¢) (i) Using software,

5
V= 7T/ (In(vz — 2 4 2))*dz ~ 12.4 units>.
2

Question 6. Complex Roots

Solution. (a) (i) Let z = rcis @ withr > 0 and —7 < 6 < 7. By De Moivre’s theorem,

70 cis 60 = 8 cis((2k + 1)7),



sothatr = 81/6 = \/2and 0 = @ Matching the positions in Figure 4,

zlzx/ﬁcis%, @zx@cisg, 23:\/5015%”,
Z4 = V2 cis (—%”) , 25 = V2 cis (—g) , 26 = V2 cis (—%) .
(a) (i) Since zg is the conjugate of 27,
21— 26 =21 — 21 = 2i1m(z1) :22"\68111% =21,

so that |21 — 26| = V/2.
(b) (i) The triangle Oz 2 has two sides of length V2 with included angle % - (- %) = % Hence,

A(AOzz) = 1 -v3- V2 sin T = L.

(b) (ii) By symmetry, the hexagon consists of six such triangles, so its area is 6 - @ = 3V/3.

(c) The solutions of 26 = £ lie on a circle of radius R = |k 1/6 spaced % apart. As in (b), the hexagon has area
6-1R?sinT =3BR*=9v3 = R)’=6 = |k|=R°=216.

Therefore, k = —216 works (and so does &k = 216).

Question 7. Integration by Parts

Solution. (a) Integrating by parts with

sinx

u=In(cosz), dv=sinzdr, du=-— dr, v=—cosuz,
cos
we obtain
. sin x
/sm:t:ln(cos z)dx = —cosxIn(cosx) — /(—cosx) : (— > dz
cos
= —coszxIn(cosz) — /sin:vdx
= —cosz In(cosx) + cosz + ¢.
(b) By (a), )
/3
/ sinz In(cos ) da = [— cos x In(cos x) + cos a:]g/g
0
=(—3lmi+3)—(-1-In1+1)
=ilm2+4-1
_1 1



(©Forx >0, f(|z]) = f(x). For x < 0, the graph of y = f(|z|) is the reflection of the right half of y = f(x)
in the y-axis. We sketch as follows.

~
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(d) Since f is odd,
f(lz]) = f(=2) = = f(2),

for z < 0, and the two curves coincide for £ > 0. Hence, the bounded region lies in —% < x <0, where

f(@) =0 = f(|lz]).

Its area is 0 0
[ G@-flahar=2 [ @)
—7/3 —7/3
/3
=-2 f(z)dx
0
— 2 (im2-})
=1 — In 2 units?,
where we used (b) and the substitution  +— —x together with f(—x) = — f(x).



Question 8. Parametric Curves

Solution. (a) The curve is a cycloid: it starts at O(0, 0), rises to its maximum (7, 2) att = 7, and returns to (27, 0)
att = 2m. We sketch as follows.

Yy
A
P(r,2
2 - 9l )fffij——Z
1
A(2m,0)
O 1 2 3 4 5 ¢ 7 °°
_1‘
(b) (i) Differentiating (z — )2 + (y — 1)? = 1 implicitly with respect to z,
dy dy rT—m
2 —7) + 20y — 1)L =0 @ _ _rTr
(@ —m)+2(y = 1) = 4 1

(b) (i) By the chain rule,
dy dy/dt _ sint

der da/dt 1—cost’

(c) The point P(7, 2) lies on the circle since 02 + 12 = 1, and on the parametric curve with £ = 7. By (b) (i), the
circle has gradient f% = 0 at P. By (b) (ii), the parametric curve has gradient

sin _9_0
1—cosm 2

at P. Therefore, both curves have the common horizontal tangent y = 2 at P.

(d) By symmetry of the curve about x = 7, the arc P A has the same length as the arc O P, and the length of each
arc is greater than the length of the corresponding chord. By the triangle inequality in triangle OP A,

length of curve = arc OP + arc PA > |OP| + |PA| > |OA| = 2.

Since the circle has radius 1, its circumference is 27. Hence, the length of the parametric curve is greater than
the circumference of the circle.

(e) (i) Since 2/(t) = 1 — cost and y/(t) = sint,
2 2 2 .2 L2t
(2'(t)*+ (¥ (t))* =1 —2cost + cos” t +sin®t = 2 — 2cost = 4sin” £,

using the double angle identity cost =1 — 2 sin® % For 0 <t < 27, sin % > 0, so that the length of the curve

is 2 \/(:L‘/(t))Z (/D)2 dt = /27T 2sin <t> dt.

0 2

0

2 t ¢ 27
/ 2sin <> dt = [—4 cos ] = —4(—1) + 4 = 8 units.
0 2 2],

Remark 3. This confirms (d): 8 > 27 & 6.28. In fact, the bound in (d) is 2v/72 + 4 ~ 7.45, since |OP| =
|PA| = Vm? + 4.

(e) (i) By (e) (),



Question 9. Differential Equations

Solution. (a) (i) By the method of separable variables,

/y—z dy = _Tloe—o.st di
1 = %efo o
)
1
Z=c¢—0.2e705
Yy
_ 1
Y= 2202605t
where we set ¢ := —C.
(a) (ii) Setting t = 0 and y = 10,
1
10 = = =0.3
c—0.2 ¢
Ast — 00, e 95 — (), so that
B 1 L1 1o
YT 03-02e05 03 3

(b) The solution curve starts at (0, 10), decreases, and approaches y = 13—0 from above. We sketch as follows.
Y
16 1

14 |

12 +

(0,10)
10 4




(c) Differentiating % = - %6_0'5@2 with respect to ¢ using the product rule and the chain rule,

d?y 1 L o5t 2 05t o dy
~Jd__ - (_2.,-0 0.5t 9, —7
a2 10( ¢ YT Yat

_ 1 L o5t 2 1 o5 dy
T2 < 0 Y)Y

Ldy 1 _g5 dy

2dt 5 Vi
_ dy 11 45
= dt<2+5€ v

(d) Since g—? = 0 (as y > 0), by (0),

Write u = e~%5%, By (a) (i),

T 03-02u

so that i 1
U
=Y s ws0m s 5 ou=g

Therefore, e 95t = %, sothatt = 21n 2.

Question 10. Complex Roots and Regions

Solution. (a) (i) By De Moivre’s theorem, zo = 1/0.36 cis g = 0.6cis g satisfies zg = 0.36cisf = z1. Since
0< g < %, 2z is in the first quadrant.

(a) (ii) The point zo has modulus 0.6 and half the argument of 21, shown in blue in the figure below.

(b) (i) The set .S is the closed disc of radius 0.1 centred at 1, shaded in blue below.
(b) (ii) The set T’ is the closed half-plane on and to the right of the line Re(z) = 0.9, shaded in red below.

Im(z)
l,,
T
0.5+
zZ1 )
é 0
i 1 P i /.\ | Re(z)
1 0.5 0.5 \Jg 15
—0.5+
—14




(c) (@) Since In 0.9 < 0,

1
(0.36)" >0.9 < —1n0.36>1n0.9
n

1n0.36
> ~ 9.
"= 09 0

where we multiplied by n/In 0.9 < 0. Therefore, the smallest such integer is n = 10.
(c) (il) By De Moivre’s theorem, w = (0.36) 1 cis 1%, which is in the first quadrant since 0 < % < 2%.
() (iii) (1) Setting & = %, w = (0.36)%1 cis 2o~ In cartesian form,
w = (0.36)"" cos & +1(0.36)"! sin & ~ 0.901 + 0.0567:.
(c) (iii) (2) Yes. Since Re(w) ~ 0.901 > 0.9, w is in T'. (This is guaranteed by (c) (i), since Re(w) = |w| cos £
with |w| = 0.903.)
(¢) (iii) (3) No. We compute

w— 1|~ |-0. + 0. 1| = . + 0. ~ 0. > 0.1,
1 0.0989 -+ 0.0567i| = 1/0.09892 -+ 0.05672 ~ 0.114 > 0.1

so that w is not within S.

Remark 4. In particular, S is a proper subset of 7', and w lies in 7'\ S: it is close enough to the real axis to satisfy
Re(w) > 0.9, but its imaginary part is too large for it to lie within 0.1 of 1.

Remark 5. The diagrams have been drawn and the solutions have been verified with the help of Generative Al

—Joel Kindiak, 16 Oct 26, 2344H
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